Abstract. We extend Picard's theorem on the existence of elliptic solutions of the second kind of linear homogeneous n th -order scalar ordinary di erential equations with coe cients being elliptic functions (associated with a common period lattice) to linear homogeneous rst-order n n systems. In particular, the qualitative structure of the general solution in terms of elliptic and exponential functions, polynomials, and Weierstrass zeta functions of the independent variable is determined. Connections with completely integrable systems are also mentioned.
In order to set the stage for our extension of Picard's theorem on the existence of elliptic solutions of the second kind of n th -order scalar ordinary di erential equations with elliptic coe cients (with a common period lattice) to rst-order n n systems, we brie y review Floquet theory for singly periodic n n systems. (Due to our interest in doubly periodic coe cients later on we immediately use a formulation in terms of complex variables rather than real variables.)
Denote by M(n), n 2 N the set of n n matrices with entries in C , de ne GL(n) := fA 2 M(n) j det(A) 6 = 0g, and consider the linear homogeneous system 0 (z) = Q(z) (z); z 2 C ; (1) where ( ) 2 GL(n), Q( ) 2 M(n), with Q( ) a continuous periodic matrix of period 2 C nf0g, that is, Q(z + ) = Q(z); z 2 C :
(2) Concerning (continuously di erentiable) fundamental matrices (z) of solutions of (1) Theorem 1. Let Q( ) 2 M(n) with Q( ) a continuous periodic matrix of period 2 C nf0g. Then (1) admits a fundamental matrix ( ) 2 GL(n) of the type (z) = P(z) exp (zK) ; z 2 C ; (3) where P( ) 2 GL(n), K 2 M(n), and P( ) is continuously di erentiable and periodic of period , P(z + ) = P(z); z 2 C :
1 Moreover, linearly independent solutions m ( ) 2 C n , 1 m n of (1) , that is, column vectors of (3) 
More generally, associated with each distinct eigenvalue r of K there exists at least one Floquet solution r (z) of the form (7).
The existence of polynomials z k , k 1 in (5) is in a one-to-one correspondence with the nondiagonalizability of K (i.e., its nontrivial Jordan form), or equivalently, with that of the monodromy matrix M 2 GL(n) de ned by M := ( ) = exp ( K) : (8) In particular, the bound k n ? 1 (9) in (5) is an obvious consequence of the fact that 
Transforming K into its Jordan normal form in (3) then yields a further well-known simpli cation of the structure of the solutions in (5); we omit further details (see, e.g., 5], p. 80{81) since they will not be needed in this note.
Traditionally, (3) and (5) are called Floquet representations of the solutions of (1). In contrast to this general terminology we shall call m 0 (z) a Floquet solution of (1) Given these preliminaries we now turn to corresponding rst-order systems with elliptic coe cients. Thus, we consider the homogeneous system (1) under the hypothesis that Q( ) 2 M(n) is a nonconstant elliptic matrix, that is, Q( ) is meromorphic on C and doubly periodic with period lattice spanned by 1 ; 3 2 C nf0g, Im( 1 = 3 ) 6 = 0, Q(z + j ) = Q(z); j = 1; 3; z 2 C :
(13) (Here we follow the usual terminology 1 , 3 for the two periods, and denote 2 = 1 + 3 and 0 (or 4 ) = 0 such that 0 , 1 , 2 , and 3 represent the vertices of the fundamental period parallelogram.)
Since Q(z) is periodic with periods 1 and 3 , one can apply Floquet theory, as described in Theorem 1, separately to the 1 and 3 directions. In particular, this yields fundamental matrices j ( ) 2 GL(n), j = 1; 3 of the type j (z) = P j (z) exp (zK j ) ; P j (z + ) = P j (z); j = 1; 3; z 2 C ; (14) assuming without loss of generality that z = 0 is not a pole of Q( ). Similarly, M j 2 GL(n), j = 1; 3 denote the monodromy matrices M j = exp f j K j g ; j = 1; 3: (12) , and, in general, a fundamental system of solutions extending (3) and (5) with P( ) an elliptic matrix. As it turns out, the in nite set of poles of Q( ) (being doubly periodic and nonconstant) renders this problem a formidable one due to the nontrivial underlying monodromy groups. Apparently, Picard, relying on previous work by Hermite, was the rst to nd a solution to this problem.
Studying linear homogeneous n th -order scalar ordinary di erential equations of the type for some m;j 2 C nf0g.
Here, in obvious notation, M j , j = 1; 3 denote the monodromy matrices obtained upon rewriting (17) as a rst-order system of the type (1).
A look at Theorem 2 reveals that Picard introduced the highly nontrivial assumption of the existence of a meromorphic fundamental system of (1) has recently been proven in 15] that 00 (z)+ + q(z)] (z) = 0 satis es Picard's hypothesis of the existence of a meromorphic fundamental system of solutions if and only if q is a stationary solution of (at least) one of the equations of the Korteweg{de Vries hierarchy.
Even though Picard did mention certain extensions of his result to rst-order systems (see, e.g., 16], p. 248{249), apparently he did not seek a Floquet representation for systems in the elliptic case. The rst to study such a representation seems to have been Fedoryuk who proved the following result.
Theorem 3 (Fedoryuk 7] ). Let Q( ) 2 M(n) with Q( ) an elliptic matrix of periods j 2 C nf0g, j = 1; 3, Im( 1 = 3 ) 6 = 0 and suppose that (1) 
Moreover, K 1 and K 3 , and hence S and T commute.
Remark 4. Fedoryuk's representation (20) has the peculiar feature that it seems to stress an apparent essential singularity structure of solutions at z = 0. Indeed, since (z) has a rst-order pole at z = 0, the term exp ( (z)T ) in (20) exhibits an essential singularity unless T is nilpotent. Hence, the doubly periodic matrix D(z), in general, will cancel this essential singularity of exp ( (z)T ) and therefore cannot be meromorphic, respectively, elliptic. Thus Fedoryuk's result cannot be considered the natural extension of Picard's Theorem 2.
In the remainder of this note we shall focus on an alternative to Theorem 3 and derive a generalization of Picard's theorem to rst-order systems with elliptic coe cients.
To facilitate matters we brie y discuss a few facts on the Weierstrass }( ), ( ) 
We will also need the Legendre relations,
and the addition relations 
Since we shall also need a matrix generalization of (27), we state the following result (I n 2 GL(n) denotes the identity matrix in M(n)). 
Proof. If A is diagonalizable, then (30) is obvious from (27 
Moreover, linearly independent solutions m ( ) 2 C n , 1 m n of (1), that is, column vectors of (31) 
with b`( ), c`( ), 0 ` s elliptic functions and an eigenvalue of (K 3 ? K 1 ). In order to arrive at (47), we used (cf. (24) and (25) 
with a nilpotent matrix N 3;1 2 M(n) whose Jordan block structure coincides with that of (K 3 ? K 1 ). The matrix N 3;1 needs to be nilpotent so that its only eigenvalue zero avoids exponential terms of the type exp (z) ] in exp (z)N 3;1 ] (cf. (10), (11)), since (46) displays no such exponential terms. An application of (42) and (43) .g., 11 ], p. 223{224). Hence, neither ( ) nor z terms will arise in ( ) proving the last assertion (37).
We conclude with a series of remarks.
Remark 7.
(i) If M 1 or M 3 has distinct eigenvalues, then, as a consequence of equation (54) (ii) In connection with equation (14) one computes E(z) = P j (z) (z) zI n ? 
(iii) In the special scalar case (17), the bound (35) is proven in 21], p. 377{378 for n = 2 and stated (without proof) for n 3.
(iv) We might note that it is not necessary to assume that Q( ) is elliptic in Theorem 6. Indeed, if Q( ) is merely doubly periodic then the assumption of a meromorphic fundamental matrix ( ) of solutions of equation (1) then yields that Q(z) = 0 (z) (z) ?1 is meromorphic and hence elliptic too. It is the additional assumption of a meromorphic fundamental matrix which allows one to go beyond Fedoryuk's Theorem 3.
(v) It seems worthwhile to note that the highly nontrivial assumption of the existence of a meromorphic fundamental system of solutions of equation (1) in Theorems 2 and 6 appears to be intimately connected with certain in nite-dimensional completely integrable Hamiltonian systems arising in the context of soliton equations (see, e.g., 3], 6], 24]). In fact, in a recent series of papers 12]{ 15], the assumption of a meromorphic fundamental system of solutions in the scalar case n = 2 in (17) led to an explicit characterization of all elliptic solutions of the stationary Korteweg{de Vries (KdV) hierarchy. These papers can be consulted for a variety of explicit examples satisfying the hypothesis of a meromorphic fundamental system of solutions. We expect that Theorem 6 will lead to an analogous characterization of all elliptic solutions of matrix hierarchies of soliton equations such as the AKNS and Gelfand{Dickey hierarchies (see, e.g., 3], 6]).
